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Abstract
As is well known, k-spaces are characterized as quotient spaces of locally compact spaces. For a
certain k-space X, we give characterizations on X for X × Y to be a k-space for every space Y in
some class of k-spaces. Also, for certation k-spaces X and Y , we give characterizations on X and Y
for X × Y to be a k-space.
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Introduction
It is well known that every product of a locally compact space with a k-space is a
k-space. Michael [6] showed that this result is the best possible; namely, a space X is
locally compact if and only if X × Y is a k-space for every k-space Y . In this paper,
we give some analogous results, and some characterizations for products of k-spaces to
be k-spaces. We assume that all spaces are regular and T1, and all maps are continuous
surjections.
We shall give main definitions used in this paper. Let X be a space. For a (not necessarily
open or closed) cover P of X, X is determined by a cover P , if U ⊂ X is open in X if and
only if U ∩ P is relatively open in P for every P ∈ P . Here, we can replace “open” by
“closed”. (Following [4], we shall use “X is determined by P” instead of the usual “X has
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the weak topology with respect to P”). Obviously, every space is determined by its open
(or hereditarily closure-preserving closed) cover. A space is called a k-space (respectively
sequential space) if it is determined by a cover of compact (respectively compact metric)
subsets. Every sequential space is a k-space. As is well known, every k-space (respectively
sequential space) is characterized as a quotient space of a locally compact (respectively
locally compact, metric) space.
We recall that a filter base F is a non-empty collection of non-empty sets such that
F1,F2 ∈ F implies F3 ⊂ F1 ∩ F2 for some F3 ∈ F . A filter base F accumulates at x ∈ X
if x ∈ F for all F ∈ F . Also, a sequence {An: n ∈ N} in X is a k-sequence [8] if it is a
decreasing sequence such that K =⋂{An: n ∈ N} is compact, and any open set U ⊃ A
contains some An. A space X is a bi-k-space [8] if, whenever a filter base F accumulates at
x ∈ X, then there exists a k-sequence {An: n ∈ N} such that x ∈ F ∩An for all n ∈ N and
all F ∈F . If the filter base F is a decreasing sequence accumulating at x ∈ X, then such a
space is called countably bi-k [8]. First countable spaces are bi-k-spaces, and bi-k-spaces
are countably bi-k-spaces, hence k-spaces. Every bi-k-space (respectively countably bi-
k-space) is characterized as the bi-quotient (respectively countably bi-quotient) image of a
paracompact M-space. For these, see [8].
A map f :X → Y is a compact map (respectively s-map) if every f−1(y) is compact
(respectively separable). It is known (or routinely shown) that every quotient compact
image (respectively s-image) of a locally compact, paracompact space is characterized
as a space determined by a point-finite (respectively point-countable) cover of compact
subsets. Here, it is possible to replace “paracompact space” by “metric space”, but replace
“compact subsets” by “compact metric subsets” simultaneously.
1. Results
In this section, for a certain k-space X, we give some conditions on X for X × Y to
be a k-space for every space Y in some class of k-spaces. In the following theorem, the
equivalences among (a), (b), and (c) are due to [6], but let us give a direct proof for (c) ⇒
(a), referring to the proofs for (c) ⇒ (a) in Theorems 2.1 and 3.1 in [6].
Theorem 1.1. The following properties of a space X are equivalent:
(a) X is locally compact.
(b) X × Y is a k-space for every k-space Y .
(c) X×Y is a k-space for every closed image Y of a locally compact paracompact space.
(d) X × Y is a k-space for every quotient compact image Y of a locally compact,
paracompact space.
Proof. (a) ⇒ (b) is well known. (b) ⇒ (c) or (d) is obvious, for every quotient image of
a k-space is a k-space. We shall show that (c) or (d) ⇒ (a) holds. Suppose that X is not
locally compact at some point p. Let A be a set with |A| = χ(p,X), where χ(p,X) is
the character of the point p. Let {Uα: α ∈ A} be a local base at p such that any Uα is
not compact. Then, for each α ∈ A, there exists a decreasing family {Fλ: λ < λ(α)} (i.e.,
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Fγ ⊃ Fδ if γ < δ) of non-empty closed subsets in Uα , but⋂{Fλ: λ < λ(α)} = ∅ (see [3,
3.12.1], for example). For each α ∈ A, let Λα = [0, λ(α)] be the compact ordinal space.
Let S(A) be the topological sum Σ{Λα × α: α ∈ A}. Let Y = Y (A) be the space obtained
from S(A) by identifying all points (λ(α),α) (α ∈ A) to a single point ∞. We show that
X × Y is not a k-space. For each α ∈ A and λ ∈ Λα , let Eλ = ⋂{Fν : ν < λ}. Then,
Eλ ⊃ Fλ 	= ∅ for each λ < λ(α), but Eλ(α) = ∅. Let Hα =⋃{Eλ × λ: λ ∈ Λα}, and let
H =⋃{Hα: α ∈ A}. Then each Hα is closed in X×Y , but H is not closed in X×Y since
H −H 
 (p,∞). While, H ∩C is closed in X × Y for each compact subset C of X × Y .
In fact, let PY :X × Y → Y be the projection, and let K = PY (C). Then X × K ⊃ C, and
K is compact. While, H ∩ (X × K) is closed in X × Y , because K ∩ [0, λ(α)) 	= ∅ for
only finitely many α ∈ A. Thus, H ∩C is closed in X × Y . Hence, X× Y is not a k-space,
a contradiction to (c). Next, to see a contradiction to (d), let CA be a compact space of
cardinality |A| (or, > |A|), such as the one-point compactification of A, making the set
A a discrete space. Let Y ′ = Y ′(A) be the quotient space obtained from the topological
sum T (A) = S(A) + CA by identifying each (λ(α),α) ∈ S(A) with α ∈ CA. Then, Y ′ is
the quotient, compact (actually, finite-to-one) image of the locally compact, paracompact
space T (A). But, X × Y ′ is also not a k-space by the same way as in X × Y (or, by a
fact that X × Y ′ is the perfect inverse-image of the non-k-space X × Y ), a contradiction
to (d). 
Lemma 1.2 [20]. Every products of a locally countably compact k-space with a sequential
space is a k-space.
For a sequential space X, X is locally countably compact if and only if X × Y is
sequential for every sequential space Y [6]. For a k-space X, we have the following
analogue.
Theorem 1.3. The following properties of a k-space X are equivalent:
(a) X is locally countably compact.
(b) X × Y is a k-space for every sequential space Y .
(c) X × Y is a k-space for every closed image Y of a locally compact, metric space.
(d) X × Y is a k-space for every quotient compact image Y of a locally compact,
paracompact Fréchet space.
(e) X × Y is a k-space for every quotient compact image Y of a metric space.
Proof. (a) ⇒ (b) holds by Lemma 1.2. (b) ⇒ (c), (d), or (e) is obvious. To show (c), (d),
or (e) ⇒ (a), suppose that X is not locally countably compact at some point x . Let us
review the proof of Theorem 1.1. The spaces Λα can be chosen to be [0,ω]. Thus, the
space Y (A) is the closed image of the locally compact, metric space S(A). While, the
space Y ′(A) is the quotient compact image of the locally compact, paracompact Fréchet
space T (A) = S(A) + CA, where CA is the one-point compactification of the discrete
space A (actually, CA is countably bi-sequential of [8]). But, X × Y (A) nor X × Y ′(A)
is a k-space, a contradiction to (c) or (d). To see a contradiction to (e), note that, if A is
uncountable, the one-point compactification CA of A is not metrizable. When the character
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χ(X) = |A| c = 2ω, we can take a compact metric space having cardinality c (or |A|),
such as [0,1] instead of CA, in view of the proof of Theorem 1.1, but, all metric (or first
countable) compact spaces must have cardinality  c [2]. So, when χ(X) > c, we will
take a metric domain T ∗(A) instead of the Fréchet domain T (A). For the discrete space A,
let A∗ = ⋃{A × n: n ∈ N}. Let MA = A∗ ∪ {∞} be the space such that each Vm =⋃{A × n: n  m} ∪ {∞} is a nbd of the point ∞. Let S∗(A) = Σ{[0,ω] × p: p ∈ A∗}.
Let Y ∗ = Y ∗(A) be the quotient space obtained from T ∗(A)= S∗(A)+MA by identifying
each (ω,p) ∈ S∗(A) with p ∈ MA. Then, Y ∗ is the quotient, compact image of the metric
space T ∗(A). But, X×Y ∗ is not a k-space by the same way as in the proof of Theorem 1.1,
a contradiction to (e). 
Remark 1.4. In (d) of the previous theorem, when χ(X) c, the locally compact domain
can be chosen to be metric. When X has property (a), (b), or (c) below, this is also possible.
For case (b) or (c), see later Theorem 1.5 or Corollary 1.6. For case (a), as is well known,
χ(X)  c. But, for case (b) or (c), it is possible for X to have any large character χ(X);
see [22, Example 2.3].
(a) Locally separable space.
(b) Symmetric space.
(c) Space having a point-countable k-network.
A space X is symmetric [1], if there exists a real valued, non-negative function d defined
on X × X such that d(x, y)= 0 iff x = y , d(x, y)= d(y, x), and F ⊂ X is closed in X iff
d(x,F ) > 0 for any x ∈ X − F . Quotient compact images of metric spaces are symmetric
[1] (or [10]). Symmetric spaces are sequential.
We give the following characterization for products of symmetric spaces. This is shown
in [13], but the domain in (c) is a non-locally compact, metric space there. We note that,
for symmetric spaces X and Y , X × Y is symmetric if and only if it is a k-space [13], thus
we can replace “symmetric space” by “k-space” in (b) or (c).
Theorem 1.5. The following properties of a symmetric space X are equivalent:
(a) X is locally compact.
(b) X × Y is symmetric for every symmetric space Y .
(c) X × Y is symmetric for every quotient compact image Y of a locally compact, metric
space.
Proof. (a) ⇒ (b) holds by [12, Corollary 4.4]. (b) ⇒ (c) holds, because every quotient
compact image of a metric space is symmetric. To see (c) ⇒ (a) holds, first we show
that X is first countable. But, every Fréchet symmetric space is first countable; see [1,
p. 129] (or [10]). So, let us show that X is Fréchet. Since X is sequential, X has countable
tightness (i.e., whenever x ∈ A, x ∈ B for some countable B ⊂ A; see [8, p. 123], etc.).
Then, to see X is Fréchet, it suffices to show that every countable subset of X is Fréchet by
[8, Proposition 8.7]. Let C be a countable subset of X, and let S = C. Then S is closed in X,
and χ(S) c since S is separable. Then (c) implies that S is locally countably compact by
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Remark 1.4. While, every locally countably compact symmetric space is locally compact
first countable, because every countably compact symmetric space is metrizable [10]. Thus
S is first countable, then so is C. Hence X is Fréchet. Now, since X is first countable,
(c) again implies that X is locally (countably) compact. 
Let us recall that a cover P of a space X is a k-network for X if, for any compact
subset K , and any open set V with K ⊂ V , K ⊂ ∪ F ⊂ V for some finite F ⊂ P . Every
quotient s-image (or closed image) of a metric space has a point-countable k-network;
see [4] (or [18]).
Corollary 1.6. A k-space X with a point-countable k-network is locally compact
(metrizable) if and only if X × Y is a k-space for every quotient compact image Y of
a locally compact, metric space.
Proof. The “if” part holds in view of the proof of Theorem 1.5, but note that every
k-space (respectively countably bi-sequential space; locally countably compact space) is
sequential (respectively first countable; metrizable) if it has a point-countable k-network;
see [4], and that every space of countable tightness is countably bi-sequential if so is every
countable subset [8].
Let α be an infinite cardinal number. A space is a kα-space if it is determined by a cover
C of compact subsets with |C|  α, and a space X is locally < kβ if each point x ∈ X
has a nbd whose closure is a kαx -space, where αx < β [21]. kω-spaces (which are called
spaces of class D′ in [9]) are defined in [7]. Similarly, sω-spaces and locally < sβ -spaces
can be defined, but the covers consist of compact metric subsets. Locally compact spaces
(= locally < kω-spaces), and locally kω-spaces (= locally < kω1 -spaces), and their related
spaces have played important roles in the theory of products of k-spaces; see [17,19], for
example.
Also, a space X is α-compact if every subset of X of cardinality α has an accumulation
point in X. Every countably compact is precisely ω-compact. Every Lindelöf space is ω1-
compact, and the converse holds among paracompact spaces. 
Remark 1.7.
(1) Every space determined by a countable closed cover of locally compact subsets is
locally kω.
(2) Every space determined by an infinite cover C of locally compact, paracompact (re-
spectively locally compact, metric) subsets is locally < kα (respectively locally < sα),
where α  |C|+ (= the least cardinal greater than |C|).
(3) If X is the quotient image of a locally compact, Lindelöf (respectively locally compact,
separable metric) space, then X is a kω-space (respectively sω-space), and the converse
holds.
(4) Let X be the closed image of a locally compact, paracompact (respectively locally
compact, metric) space Z under a closed map f . If every boundary ∂f−1(x) is α-
compact, then X is locally < kα (respectively locally < sα).
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Proof. (1) is due to Proposition (1) in [19, Remark 5]. (2) hold as in the proof of the
Proposition (2), because X is determined by a cover F of compact subsets such that each
element of F meets only |C| many other elements of F . (3) is routinely shown (or, see
[9, Theorem 5] or [8, Theorem 6.E.3]). For (4), we can assume that every f−1(x) is
α-compact (in fact, since f is closed, as is well known, there exists a closed subset C
of Z such that, for g = f |C, g(C) = X, and g−1(x) = ∂f−1(x) for every x ∈ X).
Now, let x ∈ X. Let {Ga: a ∈ A} be a locally finite open cover of Z such that each
Ca = Ga is compact. Since f−1(x) is α-compact and f is closed, it is routine to see
that for some nbd Vx of x , f−1(Vx ) meets only Ca (a ∈ A′), A′ ⊂ A with |A′| < α. Let
Fx =⋃{Ca ∩ f−1(Vx ): a ∈ A′}. Then, since f |Fx is a closed map, Vx is determined by
a cover Cx = {f (Ca) ∩ Vx : a ∈ A′} of compact subsets with |Cx | < α. Thus, Y is locally
< kα . 
Theorem 1.8. The following properties of a bi-k-space X are equivalent:
(a) X is locally compact (respectively locally countably compact).
(b) X × Y is a k-space for every kω-space (respectively sω-space) Y .
(c) X × Y is a k-space for every closed image Y of a locally compact, Lindelöf
(respectively locally compact, countable metric) space.
(d) X× Y is a k-space for every quotient compact image Y of a locally compact, Lindelöf
(respectively locally compact, countable metric) space.
Proof. It suffices to show that (c) or (d) ⇒ (a) holds by Remark 1.7(3), so suppose that X
is not locally compact at x0 ∈ X. Let F = {V − C: V is a nbd of x0; C is a compact
subset of X}. Then F is a filter base accumulating at x0. Since X is bi-k, there exists a
k-sequence {An: n ∈ N} such that An are closed in X, and x0 ∈ F ∩An for all n ∈ N and
all F ∈ F . Then, any An is not compact. Thus, for each n ∈ N , there exists a decreasing
family {Fn,λ: λ < λ(n)} of non-empty closed subsets in An, but ⋂{Fn,λ: λ < λ(n)} = ∅.
Let K = ⋂{An: n ∈ N}. Since {An: n ∈ N} is a k-sequence (hence, K is compact),
we can assume that for any n ∈ N , Fn,0 ∩ K = ∅, and Fn,0 ∩ Fm,0 = ∅ if n 	= m. Let
F =⋃{Fn,0: n ∈ N} ∪ K . Then F is closed in X. Now, let (c) hold. Let Y = Y (A) as
in the proof of Theorem 1.1, but the set A is countable, hence the local compact domain
S(A) is Lindelöf. Then F ×Y is a k-space. While, L= F/K is the perfect image of F , then
L×Y is also the perfect image of F ×Y . Thus, L×Y is a k-space. Let p = [K] ∈ L. Then
χ(p,L) = ω, but L is not locally compact at the point p. Thus, L × Y is not a k-space in
view of the proof of Theorem 1.1, a contradiction. Next, let (d) hold. Let Y ′ = Y ′(A) with
the A countable. Then we have also a contradiction by replacing “L × Y ” by “L × Y ′”.
For the parenthetic part, suppose that X is not locally countably compact. Then exists a
k-sequence {An: n ∈ N} of closed subsets, but any An is not countably compact. Then, the
local compact domain S(A) is countable metric. Thus, we show that the parenthetic part
holds by the same way as in the above arguments. 
We note that every locally k-space is a k-space. Then (1) (respectively (2)) in the
following lemma hold by means of [7, (7.5)] (respectively [21, Lemma 2.2]). (3) is due
to [14]. (MA) means the Martin’s Axiom.
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Lemma 1.9.(1) Every (finite) product of locally kω-spaces is a k-space.
(2) (MA) Every product of a locally sω-space with a locally < kc-space is a k-space.
(3) Every product of a bi-k-space with a countably bi-k-space is a k-space.
For an infinite cardinal α, Sα is the space obtained from the topological sum of α many
copies of the space [0,ω] by identifying all the limit points to ∞. In particular, Sω is called
the sequential fan. The space obtained from the topological sum ([0,ω] × [0,ω))+ [0,ω]
by identifying each (ω,n) ∈ [0,ω]×[0,ω) with n ∈ [0,ω) is called the Arens’ space, and it
is denoted by S2. Sω (respectively S2) is the closed image (respectively quotient compact)
image of a locally compact, countable metric space.
Remark 1.10.
(1) In Theorem 1.8, the bi-k-ness of X is essential even if X is a countable sω-space with
a countable k-network, and X is symmetric (respectively Fréchet). Indeed, let X = S2
(respectively Sω). Then, for any kω-space Y , X × Y is a k-space by Lemma 1.9(1),
but X is not locally compact.
(2) In view of the above and Theorem 1.8, we have the following question: Is it true that
a k-space X is a locally kω-space if (and only if) X × Y is a k-space for every kω-
space Y ? (If we replace “kω-space Y ” by “sω-space Y ”, then this question is negative.
Indeed, let X = Sω1 . Then, for every sω-space Y , under (MA + ¬CH), X × Y is a
k-space by Lemma 1.9(2), but X is not locally kω).
2. Applications
In this section, for certain k-spaces X and Y , we give some characterizations for X × Y
to be a k-space, as applications of the previous section.
Lemma 2.1 [15]. Let f :X → Y be a closed map such that X is collectionwise normal,
and Y is sequential. If Y contains no closed copy of Sα , then every boundary ∂f−1(y) is
α-compact. When α = ω, the result holds under X being normal.
Theorem 2.2. Let Y be a sequential space which is the closed image of a collectionwise
normal space Z under a closed map f . Then the following hold:
(1) Let X be a k-space. Suppose that some ∂f−1(y) is not α-compact, α = χ(X). Then X
is locally countably compact if and only if X × Y is a k-space.
(2) Let X be a bi-k-space (respectively locally separable k-space; symmetric space; or
k-space with a point-countable k-network). Suppose that some ∂f−1(y) is not ω-com-
pact under Z being normal (respectively some ∂f−1(y) is not c-compact). Then the
same result in (1) holds.
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Proof. (1) The “only if” part holds by Lemma 1.2. For the “if” part, Y contains a closed
copy of Sα by Lemma 2.1. Thus, X × Y contains a closed copy of X × Sα . But, X × Y
is a k-space, then X × Sα is a k-space. Suppose X is not locally countably compact. Then
X × Sα , Sα = Y (A), is not a k-space in view of the proof of Theorem 1.3, a contradiction.
For (2), the “if” part holds by putting Sω = Y (A) with |A| = ω in view of the proof of
Theorem 1.8. For the parenthetic part, suppose that X is not locally compact. Then X × Sc
is not a k-space in view of the proofs of Theorem 1.5 and Corollary 1.6, and Remark 1.4.
This is a contradiction. 
For the parenthetic part in Theorem 2.2(2), by Remark 1.10(1), we cannot replace “not
c-compact” by “not ω-compact” in the assumption.
Theorem 2.3 [20]. Let X be a bi-k-space. Let Y be a sequential space which is the closed
image of a normal countably bi-k-space Z under a closed map f . Then X×Y is a k-space
if and only if X is locally countably compact, or every ∂f−1(y) is countably compact.
Proof. The “only if” part holds by Theorem 2.2(2). For the “if” part, let every ∂f−1(y) be
countably compact, so we can assume that every f−1(y) is countably compact. Since Y
is the quasi-perfect image of the countably bi-k-space Z, it is easy to show that Y is also
countably bi-k. Since X is bi-k, X × Y is a k-space by Lemma 1.9(3). 
Lemma 2.4. Let X be a space with a point-countable k-network. If X × Y is a k-space,
then the following (a), (b), or (c) holds:
(a) X is locally compact.
(b) X is first countable, and Y contains no closed copy of Sω (and no S2).
(c) (c1) Y contains no closed copy of Sc , and (c2) for any k-sequence {An: n ∈ N} of
closed subsets in Y , some An is countably compact.
Proof. Suppose (c) does not hold. If (c1) does not hold, then (a) holds by Theorem 2.2(2).
Let (c2) do not hold. Then, in view of the proof of Theorem 1.8, X contains no closed
copy of Sω , and no S2. Since X is a k-space with a point-countable k-network, X is first
countable by [5, Corollary 3.9]. Thus X is locally compact, or Y contains no closed copy
of Sω by Theorem 2.2(2) (hence, no S2 since Sω is the perfect image of S2). Then, (a) or (b)
holds. 
Theorem 2.5. Let X be a k-space with a point-countable k-network. Suppose that Y is a
sequential space which is the closed image of a paracompact bi-k-space Z under a closed
map f , but Y is not locally < kc. Then X × Y is a k-space if and only if (a) or (b) below
holds:
(a) X is locally compact.
(b) X is first countable, and every ∂f−1(y) is compact.
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Proof. For the “only if” part, we show that (a), (b); or (c) in Lemma 2.4 implies
that (a), (b); or “Y is locally < kc”, respectively. (b) in Lemma 2.4 implies (b), because
Y contains no closed copy of Sω , so every ∂f−1(y) is countably compact by Lemma 2.1.
While, (c) in Lemma 2.4 implies that Y is locally < kc. To see this, first note that each
point of Z has a nbd which is contained in the inverse-image of some compact set of
Y under f . In fact, for some z ∈ Z, suppose not. Let F = {V − f−1(C): V is a nbd
of z, C is a compact subset of Y }. Then F is a filter base accumulating at z. Since
Z is bi-k, there exists a k-sequence {An: n ∈ N} such that An are closed in Z, and
z ∈ F ∩An for all n ∈ N and all F ∈ F . Since {f (An): n ∈ N} is a k-sequence in Y ,
by (c2) in Lemma 2.4, some C = f (An) is countably compact, hence compact since Y is
paracompact. But, (Z−f−1(C))∩An = ∅, a contradiction. Now, since Z is paracompact,
Z has a locally finite closed cover C such that any element of f (C) is compact. Let S be the
topological sum of f (C). Then Y is the closed image of the locally compact, paracompact
space S, because f (C) is a hereditarily closure-preserving closed cover of Y . Thus, we
can assume that Z is a locally compact, paracompact space. Since Y contains no closed
copy of Sc by (c1), every ∂f−1(y) is c-compact by Lemma 2.1. Then Y is locally < kc by
Remark 1.7(4). Thus, (c) in Lemma 2.4 implies that Y is locally < kc. For the “if” part,
(a) or (b) implies that X × Y is a k-space, because, if every ∂f−1(y) is compact, then Y is
countably bi-k. Thus X × Y is a k-space by Lemma 1.9(3). 
Corollary 2.6. (MA) Let X be a locally sω-space. Suppose that Y is a sequential space
which is the closed image of a paracompact, and bi-k-space (respectively locally compact
space) Z under a closed map f . Then X × Y is a k-space if and only if X is locally
compact, or Y is locally < kc (respectively every ∂f−1(y) is c-compact).
Proof. We can assume that X is an sω-space. Let X be determined by a countable cover
{Cn: n ∈ N} of compact metric subsets, here assume Cn ⊂ Cn+1. Then each compact
subset K is contained in some Cn. In fact, suppose not. Then there exists an infinite
sequence S = {xn: n ∈ N} with xn ∈ K − Cn. But, S ∩ Cn is at most finite for each
n ∈ N , thus S is discrete in X, a contadiction. Then X has the obvious countable k-network.
Hence, the corollary holds by Theorem 2.5 (with its proof), Lemma 1.9(2), but, for X being
first countable, X is locally compact, because each point of X has a nbd which is contained
some Cm by the same way as in the above. For the parenthetic part, if Y is locally < kc, then
every ∂f−1(y) is c-compact by Lemma 2.1, and the converse holds by Remark 1.7(4). 
Theorem 2.7. (CH) Let X be a symmetric space. Suppose that Y is a sequential space
which is the closed image of a paracompact bi-k-space under a closed map f , but Y is not
locally < kc. Then X × Y is a k-space if and only if (a) or (b) in Theorem 2.5 holds.
Proof. The theorem holds by a similar way as in the proof of Theorem 2.5, but note that,
under (CH), the symmetric space X is first countable if it contains no closed copy of S2.
In fact, to see X is first countable, it suffices to show that every countable subset of X is
Fréchet as in the proof of Theorem 1.5. Let C be a countable subset of X, and let S = C.
Then the closed set S is a separable symmetric space. Thus, under (CH), every point of S
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is a Gδ-set in S by [11, Corollary 11]. While, S is a k-space which contains no closed copy
of S2. Thus, S is Fréchet by [16, Theorem 2.3]. Thus, C is Fréchet. 
Remark 2.8. In the previous theorem, we do not know whether (CH) can be omitted. When
each point of X is a Gδ-set, or X is (locally) metacompact, then (CH) can be omitted. In
fact, if X is (locally) metacompact, then each point of the closed separable subset S (in the
proof of the previous theorem) is a Gδ-set in S. In fact, S is separable and (locally) meta-
compact, then S is (locally) Lindelöf. But, S is symmetric. Then S is (locally) hereditarily
Lindelöf by [10, Theorem 22], thus, each point of S is a Gδ-set in S.
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